We have constructed general dimensional hyperdiamond lattices which are analogues of the three dimensional diamond lattice. Each site has the minimal number of bonds as possible in that dimension and the structure of the bond vectors is similar to that of the Clifford algebra. Furthermore, the spectrum zeros of the tight-binding hopping model on the hyperdiamond lattice are also investigated. The number of zeros is larger than two except for the two dimensional lattice, so that the minimal-doubling action cannot be realized on these lattices.
Introduction
Recently, lower and higher dimensional analogues of the three dimensional diamond lattice have gained great attention in not only condensed matter but high energy physics. The two dimensional analogue is just the honeycomb lattice and realized as a monolayer sheet of graphite which is so called graphene. After the success of its experimental observation, a number of theoretical works have been achieved (Ref. (1)). It is well known that the low energy excitations in the graphene are described by the Dirac equation. The dispersion relation around the spectrum zeros is linear, so that the massless chiral fermion appears in the graphene sheet.
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For the lattice fermion, the no-go theorem forbids only one chiral mode to exist solely (Ref. (2) ). Even if we want only one species, some extra modes, called doublers, emerge. However, because the theorem does not restrict the number of doublers, at least two species should appear on the lattice. In fact, there exit just two chiral modes in the graphene and the minimal-doubling system is realized. In high energy physics, the lattice gauge theory is well known constructive method to investigate the non-perturbative aspects of the quantum field theory. However, the species doubler problem makes it difficult to study the realistic chiral model, e.g. the theory of the weak-interaction. Although the minimal-doubling system is not a chiral theory, it is useful for applying to QCD.
To construct the minimal-doubling lattice action, the Dirac operator on the four dimensional graphene-like lattice is actually considered in Ref. (3) . It is constructed directly on the momentum space, so that the lattice structure on the coordinate space is not yet clear. Thus, the four dimensional hyperdiamond lattice is constructed in Ref. (4) , and it is indicated that the graphene-like action includes not only nearest neighbor interactions but also next nearest neighbor. The lattice action is hesitated to include the next nearest neighbor interactions for the locality of the corresponding continuum field theory.
The purpose of this paper is to construct general dimensional diamond-like lattices. And we discuss the possibility of the realization of the minimal-doubling action by studying the spectrum of a particle hopping to nearest neighbors. Then, we have found the specific solutions of the spectrum zeros. As a result, it is shown that the number of its spectrum zeros which corresponds to that of doublers is larger than two except for the two dimensional honeycomb lattice and the minimal-doubling action cannot be constructed on the hyperdiamond lattices.
Formulation
In this section, we formulate the general dimensional hyperdiamond lattices. To construct higher dimensional lattices, we start with some geometries. When we denote a d-dimensional object, d + 1 points are needed. For example, a line can be described when two points are given. In the cases of the diamond lattice and the honeycomb lattice, each site has four or three isotropic bonds respectively. Therefore, they realize the isotropic minimal-bond lattices in each dimensional space. Generalizing this property, we define d-dimensional hyper-diamond lattice with d + 1 vectors {e j } satisfying
(1)
Because they are isotropic, the bond vectors sum up to zero,
And the inner products between these vectors can be obtained by Eq. (2) as cos θ = −1/d. Some explicit forms of bond vectors are presented in Appendix A.
Next, let us define primitive vectors {a j } which characterize the translation invariance of the lattice. An unit cell of the hyperdiamond lattice has two sites, called A and B site. Specifying one of the bond vectors e d+1 as the vector from A to B in the same unit cell, primitive vectors become
When the location of an A site is denoted as x = d j=1 x j a j , the corresponding B site is on the site of x + e d+1 . Therefore, (d + 1)-th vector e d+1 transforms A and B sites to each other. This fact is similar to the Clifford algebra and
Here, it is shown that the angle between the primitive vectors does not depend on the dimension of the lattice,
This reads the angle φ = π/3, so that the equilateral triangular structure is observed in any dimension.
The shortest length between the sites of the same kind is of course |a j | = |e j − e d+1 |. Then, a j − a k = e j − e k also gives the shortest length, so that the number of the nearest unit cells is d(d + 1). The Wigner-Seitz cell consists of
On the other hand, reciprocal vectors {b j }, basis for the momentum space are obtained as
satisfying a j · b k = 2πδ jk . An arbitrary momentum vector p is represented by non-orthogonal basis,
As the primitive vectors, let us find the nearest reciprocal sites. The unit reciprocal vector gives the shortest length, |b j | = 2dπ/(d + 1). This length is also obtained by
. Then, the number of the nearest reciprocal sites is 2(d + 1) and the Brillouin zone can consist of them.
Spectrum of tight-binding model
In this section, we now consider the spectrum of a particle hopping on the hyperdiamond lattice. The tight-binding Hamiltonian with nearest neighbor hopping is
Here, c
is an annihilation (creation) operator of A (B) site with the coordinate x. Constructing a two component spinor
−ip·x , the Hamiltonian can be represented as a fermionic bilinear form
and the Dirac operator of this model becomes
with using non-orthogonal momentum basis p j ≡ p · a j . From now, we will use these non-orthogonal basis.
As the two dimensional honeycomb lattice, this Dirac operator has the particle/hole symmetry, σ 3 Dσ 3 = −D where σ j 's are the Pauli matrices. The particle/hole symmetry means that the energy spectrum is invariant under changing the sign of that. Thus, two eigenvalues of the Dirac operator appear as a pair of plus and minus modes.
Because the energy spectrum is obtained as a square root of cosine functions, the dispersion relation around each spectrum zero becomes linear. Hence, Dirac cones appear at the spectrum zeros.
Spectrum zeros
At first, we consider lower dimensional lattices. In the case of two dimensional lattice, there are two kinds of spectrum zeros
One of the zeros cannot be translated to the other one by using reciprocal vectors. Locating zeros periodically, the honeycomb lattice can be obtained in the momentum space (Fig.1) . This fact comes from that the spectrum of honeycomb lattice has two kinds of zeros. In the three dimensional case, the spectrum zeros are
Although it seems that there are six kinds of zeros, actually, the number of zeros is three because the difference between specific two vectors is just a linear combination of reciprocal vectors. The lattice of zeros of the diamond lattice spectrum is represented in Fig.2 . In the meaning of the translation invariance, this lattice structure is same as the body centered cubic (bcc) lattice because the diamond lattice is obtained by adding an extra site to the unit cell of the face centered cubic (fcc) lattice. The translation invariance of the diamond lattice is the same to the fcc lattice. Now, let us search zeros in the general dimensional spectrum. As the preliminaries of lower dimensional models, expressions of zeros should depend on whether the dimension of the lattice is even or odd. Then, we assume forms of zeros as
Substituting this expression into Eq.(10), we can find coefficients of zeros,
Because the spectrum is expressed as the isotropic form, it is invariant under the permutation of components. Thus, they are still solutions of the spectrum zeros while the numbers of positive and negative components are preserved.
Counting the configuration of solutions, the number of zeros N can be obtained as
Therefore, we can calculate the large d behaviour of N with the Stirling formula, n! ∼ n n e −n .
In the large d limit, the angle between bonds goes to π/2. This means that the hyperdiamond lattice recovers the hypercubic symmetry with d → ∞. The result of Eq.(16) is consistent with the fact that the hypercubic symmetry gives 2 d doublers (Karsten-Smit theorem (Ref. (5))). As a result, in the general dimensional lattices, the number of zeros is not two and increases exponentially. Thus, the lattice of zeros cannot obtain the hyperdiamond structure and the minimal-doubling action is not realized on them.
Discussions
We have constructed the general dimensional hyperdiamond lattices. The structure of bond vectors {e j } has some similarities with the Clifford algebra, e.g. the number of elements, the relation with the metric and the way of constructing (d + 1)-th element which generates the chiral-like transformation. The explicit relationship should be revealed.
The spectrum of the tight-binding model on these lattices are also investigated. The two dimensional honeycomb lattice is quite unique because the lattice structure of the spectrum zeros is the same as the original one. In general, the number of the zeros is larger than two, so that the lattice of zeros cannot obtain the hyperdiamond structure. Thus, it is concluded that the minimal-doubling action cannot be realized on the hyperdiamond lattices.
In this paper, we have treated the specific form of the solutions Eq.(13). Although they may not exhaust whole zeros possibly, most of the zeros can be expressed as our solutions because the number of zeros becomes 2 d in the large d limit. We should show the completeness of our formula or search the general solutions of the spectrum zeros in a future work.
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A Explicit forms of bond vectors
We now represent some explicit forms of bond vectors {e j } satisfying Eqs. (1) . The end points of these isotropic vectors are located on the d-dimensional sphere. If we choose one of them, the others are still isotropic and located on the (d − 1)-dimensional sphere. Therefore, we can construct these vectors recursively.
. .
In order to manifest the spherical structure, it is convenient to introduce some symbols, cos The three dimensional diamond lattice has a simpler form which is related to its fcc structure. And a specific form of four dimensional hyperdiamond lattice is proposed in Ref. (4) .
